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Abstract 
  Critical CTOD is widely used as a fracture toughness parameter for structural steels. Critical CTOD often has a scatter of more 
than one order of magnitude. To explain this scatter, Beremin proposed a model called Weibull stress or Beremin model, but 
some researches cast doubts on the model. Some models were proposed so that they consider microcrack nucleation by taking
plastic strain into account. However, these models cannot completely describe experiments, nor did they calculate the scatter of 
fracture initiation points. The aim of the present paper is to propose a new model which more precisely predict fracture 
toughnesses as well as fracture initiation points. 
© 2014 The Authors. Published by Elsevier Ltd. 
Selection and peer-review under responsibility of the Norwegian University of Science and Technology (NTNU), 
Department of Structural Engineering. 
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1. Introduction 
Beremin [1] proposed a model in which initiation of cleavage fracture could be characterized by local stress. This 
model, called Beremin model, has been widely used as cleavage fracture model. However, some researches cast 
doubts on the model. It might be said that the assumption of the model, i.e., initiation of cleavage fracture is 
controlled by stress only, is not correct. To overcome this problem, Mimura [2] proposed an idea considering the 
effect of microcrack nucleation which is controlled by plastic strain. Other researchers made models from the same
idea and confirmed them by experiments [3]. These models [3] considering the effect of plastic strain assume that 
the number of microcrack nucleation increases linearly with equivalent plastic strain. However, Shibanuma et al.[4] 
reported that the number of microcracks in ferrite-cementite steels increases non-linearly and the relationship obeys 
power law of plastic strain. Thus, the authors has made a new model in which the effect of microcrack nucleation is 
expressed more precisely. To determine the parameters in the authors' model, information on fracture initiation 
points is used.  
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Nomenclature 
ߪ୫ୟ୶ maximum principal stress in a volume element ߪ୛ǡ ߪ୛כ  Weibull stress ܾǡ ߪ௨ǡ ߪ௨כ Weibull scale parameter ݉ǡ݉Ԣ Weibull shape parameter  
୤ܲ cumulative probability of cleavage fracture of a specimen ݌୤ probability density of cleavage fracture of a specimen 
୐ܲ cumulative probability of cleavage fracture at a element or area (probability as the 
element(s) of the specimen) 
୬ܲ୳ୡ୪ cumulative probability of microcrack nucleation in a volume element ݌୬୳ୡ୪ probability density of microcrack nucleation in a volume element ݌୮୰୭୮ probability density of microcrack propagation in a volume element ݌୰ local fracture probability on the condition that global fracture occurs at a time step 
௏ܲబ cumulative cleavage fracture probability of a volume element  ݌௏బ probability density of cleavage fracture of a volume element  
଴ܸ volume element 
୮ܸ fracture process zone 
 
2. A new model 
2.1. Determinaton of Weibull parameters ݉ǡ ߪ௨כ 
Considering the study by Shibanuma et al.[4], the authors assume that the probability of microcrack nucleation in 
a volume element is written by the next equation.  
୬ܲ୳ୡ୪ሺߝ୮ሻ ൌ ߙߝ୮ఉ (1) 
where ߝ୮ is equivalent plastic strain, α and β are constants. Probability of microcrack nucleation in the volume 
element during the increase in plastic strain from ߝ୮ to ߝ୮ ൅ ߝ୮ can be given by Eq.(2)  
݌୬୳ୡ୪൫ߝ୮൯ ؆ ݀ ୬ܲ୳ୡ୪൫ߝ୮൯ ൌ ߙߚߝ୮ఉିଵߝ୮ (2) 
Probability of fracture propagation in a volume element subjected to maximum principal stress ߪ୫ୟ୶ can be 
expressed by Eq.(3)[1]  
݌୮୰୭୮ሺߪ୫ୟ୶ሻ ൌ ൬
ߪ୫ୟ୶
ߪ௨ ൰
௠
 (3) 
Then, the probability density of fracture of the volume element is expressed by 
݌௏బ ൌ ݌୬୳ୡ୪൫ߝ୮൯݌୮୰୭୮ሺߪ୫ୟ୶ሻ ൌ ൬
ߪ୫ୟ୶
ߪ௨ ൰
௠
ߙߚߝ୮ఉିଵߝ୮ (4) 
Denoting time step  "݅ ", cumulative probability of fracture of the volume element at "ݐ " is 
written by 
௏ܲబሺݐሻ ൌ෍݌௏బሺ݅ሻሺͳ െ ௏ܲబሺ݅ሻሻ ൌ
௧
௜ୀ଴
෍݌୬୳ୡ୪൫ߝ୮ሺ݅ሻ൯݌୮୰୭୮ሺߪ୫ୟ୶ሺ݅ሻሻሺͳ െ ௏ܲబሺ݅ሻሻ
௧
௜ୀ଴
؆෍ߙߚሼߝ୮ሺ݅ሻሽఉିଵ ൬
ߪ୫ୟ୶ሺ݅ሻ
ߪ௨ ൰
௠
ߝ୮ሺ݅ሻ
௧
௜ୀ଴
 
(5) 
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where ௏ܲబሺ݅ሻ ا ͳ was assumed. Cumulative fracture probability of the specimen ୤ܲሺݐሻ can be written using the 
weakest link assumption[5].  
୤ܲሺݐሻ ൌ ͳ െෑቀͳെ ௏ܲబሺݐǢ ݔǡ ݕǡ ݖሻቁ
௏೛
௫ǡ௬ǡ௭
؆ ͳെ ቎ෑ൛ͳ െ ൫ͳ െ ൣെ ௏ܲబሺݐǢ ݔǡ ݕǡ ݖሻ൧൯ൟ
௏೛
௫ǡ௬ǡ௭
቏ 
ൌ ͳെቐෑ݁ݔ݌ൣെ ௏ܲబሺݐǢ ݔǡ ݕǡ ݖሻ൧
௏೛
௫ǡ௬ǡ௭
ቑ ൌ ͳ െ ቐ෍ ቀെ ௏ܲబሺݐǢ ݔǡ ݕǡ ݖሻቁ
௏೛
௫ǡ௬ǡ௭
ቑ 
(6) 
Then, ୤ܲሺݐሻ can be written in way of Weibull distribution function. 
୤ܲሺݐሻ ൌ ͳ െ  ቈെ൬
ߪ୵כሺݐሻ
ߪ௨כ ൰
୫
቉ (7) 
where 
ߪ୵כሺݐሻ ൌ ቐ෍෍ߝ୮ఉିଵሺ݅Ǣ ݔǡ ݕǡ ݖሻߪ୫ୟ୶௠ ሺ݅Ǣ ݔǡ ݕǡ ݖሻߝ୮ሺ݅Ǣ ݔǡ ݕǡ ݖሻ
௧
௜ୀ଴
௏೛
௫ǡ௬ǡ௭
ቑ
ଵȀ௠
 (8) 
ߪ௨כ ൌ ߪ௨ ൬
ͳ
ߙߚ൰
ଵȀ௠
 (9) 
2.2. Determination of the distribution of fracture initiation points 
By taking a difference of Eq.(7) between time step (݅ െ ͳ) to ݅ fracture probability density of the specimen can 
be written as, 
݌୤ሺ݅ሻ ൌ ୤ܲሺ݅ሻ െ ୤ܲሺ݅ െ ͳሻ (10) 
On the condition that the specimen fracture between quite short time step (݅ െ ͳ) and ݅, conditional probability of 
fracture of each volume element can be written as, 
݌୰ሺ݅Ǣ ݔǡ ݕǡ ݖሻ ൌ ݌௏బሺ݅Ǣ ݔǡ ݕǡ ݖሻȀ ෍ ݌௏బሺ݅Ǣ ݔǡ ݕǡ ݖሻ
௏೛
௫ǡ௬ǡ௭
 (11) 
Similarly, on the same condition, probability that a fracture is initiated at volume elements with coordinate ݔ is 
expressed by  
݌୰ሺݐǢ ݔሻ ൌ෍݌௏బሺݐǢ ݔǡ ݕǡ ݖሻ
௬ǡ௭
Ȁ ෍ ݌௏బሺݐǢ ݔǡ ݕǡ ݖሻ
௏೛
௫ǡ௬ǡ௭
 (12) 
Cumulative probability that a fracture is initiated at a volume element between time step (ݐ െ ͳ) to ݐ, and 
cumulative probability that a fracture is initiated at volume elements with coordinate ݔ  are expressed by 
respectively 
୐ܲሺݐǢ ݔǡ ݕǡ ݖሻ ൌ෍݌୤ሺ݅ሻ
௧
௜ୀ଴
݌୰ሺ݅Ǣ ݔǡ ݕǡ ݖሻ (13) 
୐ܲሺݐǢ ݔሻ ൌ෍݌୤ሺ݅ሻ
௧
௜ୀ଴
݌୰ሺ݅Ǣ ݔሻ (14) 
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2.3. Flow of the whole model  
The parameters ߚ, ݉ and ߪ௨כ can be determined from a set of critical CTOD values, distribution of the 
fracture initiation points and stress-strain history at each volume element by the following procedure: 
1. Set volume element size 
2. Set fracture process zone consisting of the volume elements 
3. Calculate ߪ୫ୟ୶ and ߝ୮ at each volume element at every time step by FEM 
4. Assume a value of ߚ 
5. Assume a value of ݉ 
6. Calculate values of ߪ୵כ from Eq.(8) and ݉Ԣ, Weibull shape parameter of ߪ୵כ 
7. Iterate 5. and 6. and determine ݉ so that m' = m 
8. Calculate ߪ௨כ from the distribution of ߪ୵כ values 
9. Calculate ܲ୤ሺ݅ሻ at every time step from Eq.(7) 
10. Calculate coordinate ݔ of the fracture initiation points from Eq. (14) 
11. Compare the distribution of the coordinate ݔ with experiment data 
12. Iterate 4. to 11. and determine ߚ by best fitting the simulated and experiment data of 11. 
 
3. Experiment 
CTOD testing was conducted to validate the proposed model. 
3.1. Material 
Material used for the experiment was a Grade JIS SM490A ferrite-pearlite steel. Its chemical composition and 
mechanical properties at room temperature are shown in Table1. 
3.2. Tensile properties 
Tensile test was conducted under quasi-static loading conditions at -130 ι  at which multiple CTOD tests were 
carried out. Strain-stress curve was fit toSwift's expression.  
ߪ ൌ ߪ଴ ቆͳ ൅
ߝ୮
ߝ୷ୱቇ
௡
 (15) 
where  ߪ଴ ൌ ʹ͵ͷ, ߝ୷ୱ ൌ ͲǤͲͲʹͲ and ݊ ൌ ͲǤʹ͸͸ at -130 ι . 
3.3. CTOD test 
CTOD specimens were prepared in accordance with BS 7448: Part 1: 1991[6]. The specimen geometry is shown 
Fig.1. Fatigue precrack was introduced. CTOD tests were conducted under quasi-static loading conditions at 
different temperatures. Then, 26 CTOD tests were done at -130 ι  in order to determine a scatter of critical CTOD 
values. Results of the CTOD tests are shown Fig.2. After the test, fracture initiation points were observed by SEM. 
An example is shown in Fig.3. 
 
Table1 Chemical composition and mechanical properties of the specimens 
Chemical composition (mass%) Mechanical properties 
C Si Mn P S V YP(MPa) TS(MPa) EL(%) 
0.15 0.36 1.35 0.015 0.005 0.034 415 525 30 
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4. Finite element analysis 
The CTOD test specimens were modeled by three-dimensional elastic-plastic finite element (FE) analysis, using 
Abaqus 6.12-2. Because of the symmetry, 1/4 of the specimen was modeled. Crack tip of the fatigue crack was 
modeled by 5μm radius semicircle. Minimum element size was 5μm.  
 
5. Application of the new model to the CTOD test 
The present model was applied to the CTOD tests described in chapter 3, according to the following process.  
1. Volume elements were 0.02mm cube which is comparable to the grain size of the tested steel. 
2. Fracture process zone was 0.4mm by 0.2mm by 15mm in the crack direction, crack plane normal direction and 
thickness direction, respectively. 
3. Calculate ߪ୫ୟ୶ and ߝ୮ of each volume element at every CTOD by FEM.  
4. Assume ߚ from 1.0 to 1.8 with increment 0.1. 
5. Assumed ݉ from 0.5 to 50. 
10. Distribution of critical CTOD ߜୡ and that of the coordinate of the fracture initiation points ݔ were 
approximated to Weibull distribution. Then, the shape parameter m and scale parameter b were obtained. Errors 
between the experiment and simulation were calculated by Eq.(16) and Eq.(17). 
ܧ୰ǡఋ ൌ ඨቆ
݉ఋǡୣ െ ݉ఋǡୱ
݉ఋǡୣ ቇ
ଶ
൅ ቆܾఋǡୣ െ ܾఋǡୱܾఋǡୣ ቇ
ଶ
 (16) 
ܧ୰ǡ௫ ൌ ඨቆ
݉௫ǡୣ െ ݉௫ǡୱ
݉௫ǡୣ ቇ
ଶ
൅ ቆܾ௫ǡୣ െ ܾ௫ǡୱܾ௫ǡୣ ቇ
ଶ
 (17) 
where subscript ̶̶݁ and ̶ݏ̶  stand for experiment and simulation, respectively. 
11. Determine ߚ by minimizing ܧ୰ǡ௫  
The result are shown Fig.2, Fig.4, Fig.5 and Fig.6. All the models, i.e. Beremin model[1], Bordet et al. model[3] 
and the present model can explain the test result in terms of the scatter of critical CTOD as shown in Fig.2. Fig.4 
shows changes of the fitted values of ݉ and ߪ௨כ with assumed ߚ. Fig.5 shows changes of ܧ୰ǡఋ  and ܧ୰ǡ௫ with 
assumed ߚ. From this figure, best fit value of ߚ was determined as 1.5. Corresponding value of ݉ was 1.6. Fig.6 
shows comparison of the coordinate ݔ of the fracture initiation points of the 26 specimens at -130 ι . Agreement 
by the Beremin model is poor. Prediction by ߚ ൌ ͳ corresponds to the Bordet model. It is noted that the present 
model gives best agreement regarding the distribution of coordinate ݔ of the fracture initiation points as well as 
critical CTOD. 
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Fig.1  Geometry of CTOD specimen 
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 Fig.2 Results of CTOD tests and simulated critical CTOD  
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6.  Conclusion 
The present model incorporates microcrack nucleation and propagation in a volume element and applies the 
weakest link mechanism to the volume elements in a process zone. The model was validated by the CTOD tests of  
a structural steel. That is, the model can predict the distribution of fracture initiation points, as well as that of critical 
CTOD values. 
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Fig.5  Changes of ܧ୰ǡఋ and ୰ǡଡ଼ with assumed ߚ  Fig.6 Comparison of the coordinate of fracture initiation 
points between experiment and simulation.  
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Fig.3 Fracture initiation point, ߜୡ ൌ ͲǤͳ͵ 
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Fig.4 Changes of ݉ and ߪ௨כ with assumed ߚ 
